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Preface: Inertial frames

Special relativistic quantum mechanics

The Lorentz group defines transformations between inertial frames (d p/dt = 0) of special
relativity with invariant Minkowski line element.

In the classical limit (group contraction ¢ — o), the Euclidean group defines Newtonian
relativity with invariant Newtonian time line e ement. (Inhomogeneous Euclidean group is
Galile group.)

Quantum states are represented as rays in a Hilbert space

Dueto work of Wigner, special relativistic quantum mechanics is understood in terms of the
proj ective representations of the inhomogeneous Lorentz group.

Projective representations of a group are equivalent to the unitary representations of its central
extension. The central extension may be algebraic and/or the topological cover. For
inhomogeneous Lorentz group, the central extension isthe cover; the Poincaré group

SL(2, C)®sT (4).

Single particle wave equations (Klein-Gordon, Dirac, Weyl, Maxwell,...) arise from the
Hermitian representations of the Casimir invariants in the enveloping algebra of the Poincare
group. The unitary irreducible representations are labeled by mass and spin.
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Outline of talk

1. Classical cases

Euclidean relativity group for inertial frames
Hamilton relativity group for noninertial frames
2. Relativistic cases
Lorentz relativity group for inertial framesin special relativity
New physical assumption: Born-Green metric and constant b
Unitary relativity group for noninertial framesin reciprical relativity
Lorentz group as inertial special case
Hamilton group as classical limit
3. Quantum theory: Projective representations as the inhomogeneous unitary group
Central extension is the quapectic group with Weyl-Hel senberg group as normal subgroup

Unitary irreducible representations determined from Mackey theorems for semidirect
product groups

Wave equations from representations of the Casimir invariants. Scalar is relativistic
oscillator
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Euclidean relativity group for Newtonian inertial frames

Consider Newtonian spacetimex e M ~ R™?!, x = (g, t), € R", t € R, n = 3 the physical case.
Co-tangent space T*xM spanned by formsd x = (d g, dt).

AeGLin+1,R) actsonT*M:dx=A-dx . Aredized by (n+ 1)x(n+ 1) dimensional
matrices.

Invariance of Newtonian line element isd t? restricts A € 7 G £(n, R). Additionally, invariance
of length d ¢ in rest framerestrict A € &(n).

Newtonian linedlementisds? = dt? = 'dx-n°-d x=n°,, d x®d x°.
Subgroup leaving d &% invariant has property that with Ra nxn submatrix, v, we R", e e R

0 0, ('R 'w)0 0\R ww
‘A-n*-A=n° or '7°:(o 1):(tv ew)(o 1)(w \e/):(evsz 6‘2’6)

R
andsow=0,e=+1, A(e, R, v):(0 Z) Group multiplication and inverse are realized by

matrix multiplication and matrix inverse

A, RV)= A€, R, V)-A€,R,V)=A€ €, R-R,R -V +€ V)
A, Rv)=A R, —eR1.v)

4 arXiv: math-ph/060615



Sephen G. Low Version 1.01, April 29, 2007

Euclidean relativity group: invariance of length

Asserted that thisisthe group 7 G £(n, R) = D, ®<GL(N, R) @7 (n)

AL, 1, v) € 7(n) =~ (R", +) trandation group and is a normal subgroup as invariant under
automorphisms

A€, R, V)-A@Q, Iy, V) - A€, R, V)=AQ, |, e’ R-V)

ThenasA(1, R, 0) e GL(n,R) and A(e, I, 0) € Do, the group is the extended inhomogeneous
linear group.

A, R V) € TG LN R) =D @GLMN, R)®T (N)
Next, invariance of length d g? = 'd x-n9-d xin theinertial rest framerestricts T € E(n)
'‘A(, R 0)-n%9-A(e, R, 0) =19 or

q— — =

L (o o) (tv € )(o o)(o e) (o 0)

and therefore R € O(n) and therefore the group is the extended Euclidean group
E(N) = D7 ®sO(N) ®sT (N) ~ Dy @sSON) ®sT (N) = Dy ®sE (N)




Version 1.01, April 29 2007 Sephen G. Low

Euclidean relativity group: Free particleinertial motion

Euclidean actionon basisis dx=A-d x:
dg=R-dg+ vdt
di=dt
Finaly, consider diffeomorphisms ¢ :M - M : x> X = ¢(X) that leave metrics invariant.
Jacobian must be an element A of the group. In particular for A(1, I, V)
[ 't 't

oq! ot

90t Aed(t,g)
oq! ot

[ Ip*(X)
oxa

:A(1,|n,v):((')” \1’)

and so for v constant, integrates to the equation for free particle inertial motion
d=¢@t=9d+Vvt
t= ¢%a =t

Velocity additionv = V' + v’ isgiven by group product:
A@Q, 1y, V)AL 1, V) =AW, Th, V) = AQ, 1y, V +V)
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Hamilton relativity group for noninertial frames. d p/dt # 0

Consider momentum, position, energy, timespaceze P ~R?™?, z=(p, g, & t), p, g R",
t, ee R, n = 3the physical case. Co-tangent space T*,[P spanned by forms
dz=(dp,dg,de dt).

Consider theinvariance of Newtonian time line element d s> = d t? and the length d g2 in the
inertial rest frame asin the Euclidean case.

Consider aso the invariance the symplectic metric required by Hamilton mechanics on this
space.

'dz--dz=-deadt+§;dp adg), i,j=1, ..n
beGL2n+2,R) actsonT*;P:dz=d-dz . dae(2n+ 2)x(2n+ 2) dimensional matrices.
Invariance of the Newtonian line element restricts group to 7 GL2n+1 R).
Invariance of symplectic metric restricts general linear group to the symplectic group Sp(2 n + 2).
The group with invariant Newtonian line element and symplectic metric is the intersection:
Sp2n+2)NI1GL2Nn+1)=H S8 p2n) = D; ®sSp2n) ®sH(N)
where H(n) is the Weyl-Hel senberg group.
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Hamilton relativity: Symplectic invariance

After requiring invariance of d t? it follows from'® ./ - ® = ¢,

‘A c 0y (00 A b w 00
h aO]-[O O—l][tcar]:[o 0—1]
W r e O 10 0 0 € 0O 10

0 |
where /0 = (—I O”
n

Solving thisresultsintA-2°- A = ° and therefore A € Sp(2n). Alsob=0,a=¢ and
c=el°-Al-w. Therefore

)and Aisa(2n)x(2n) submatrix,c, b, we R°"anda,r e R, e = +1.

A 0O w
De, AW, I ~| —etw-°-A € r]
0 0 €
Then (I)(€1 Il‘h 01 O) S DZ ®SP(2 n)1 H(W1 r) = q)(]-! Il‘h W1 r) S 7-{(n)
A0O b, O w In 8 \‘:
@(e,A,0,0)z[O e O ,H(W,r)z[—tw-g" 1 r Jor H(f, v, ) ~ ”f 1
O O € 0 01 00 01

wherew € R?" iswrittenasw = (f, v), f, ve R".

8 arXiv: math-ph/060615



Sephen G. Low Version 1.01, April 29, 2007

Hamilton relativity: Group operations

Group multiplication and inverse determined from matrix multiplication and inverse
D, A, W, 1) =D, A, W, 1")- O, A, W, )
=P’ e, NN, N W +eW, I’ +€r”+¢€ WA -w)
O e, A, w, 1) =0 AL, —eAtw, — 1)
Group operations of the Weyl-Heisenberg subgroup H(w, r) = ®(1, |, w, r) are
HW”, r”)-HW, r’) = HWw, r) = HW + W, r” + 1’ + W’ - °-w)
H 1w, r) = H(-w, —r)
Automorphisms of the subgroup
Oe, AW, 1) = OFE, A, W, ')-Hw’, r")- &, A, w, ')
=H(E AW, 1" ='W - (A-w) + (A W) - W)
Therefore the subgroup H(w, r) is normal and the group structureis
H 8 p(n) = D2 ®sSp(2n) @ H(N)
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Hamilton relativity: Weyl-Heisenberg group

w e R?" may bewritten asw = (f, v), f, ve R" and the group operations are then
H(f”, v/, r”)-H(f’, vV, r)=H(f,v,r)=H(f"+ f/, vV +V,r" +r' + f”-v -Vv’- )
Hi(f,v,r)=H(-f, -v—r)

Weyl-Heisenberg group is the semidirect product H(n) ~ 7 (N) ®s7 (n+ 1)
H(O, v”, 0)-H(O, V', 0) = H(f, v, r) = HO, v’ + V, 0), H%(0, v, 0) = H(0, -V, 0)
H(f”, 0, r”)-H(f’,0,r)=H(f,v,r)=H(f” + f/,0,r” +r), HYf, 0,r)=H(-f, 0, —r)
H(O, v, 0)-H(f, 0, r)-H(0, v, 0)=H(f, 0, r—2f-v)

Action of H(f, v, r) € H(n) onabasisisdz=H-d z

di=dt

dp=dp+ fdt
dg=dg+vdt
de=de+v-dp-f-dq+rdt

Addition of velocity v, force f and power r given by the group multiplication law.
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Hamilton relativity: Hamilton's equations

Consider the diffeomorphisms 1P » Pz 2= ¢(2). Then[22 | =d e HSp(2n) and in
particular H(n)

0¢*(2) 9p*(2) 9p%(2) 9p*(2)
opP ogp oe ot
P A 5o O O fa
a¢n+a(z) a¢n+a(z) as0n+a(z) as0n+a(z)
92 apP acp e at _H- O 6p O V@
[ 0z8 ] - a¢2n+1(z) a¢2n+1(z) a¢2n+1(z) a¢2n+1(z) - - Va _ fa 1 r
op° aqP oe ot
O O 01
a¢2n+2(z) a¢2n+2(z) a¢2n+2(z) a¢2n+2(z)
opP oqP oe ot

witha, b= 1, ..n. These may beintegrated to equations of the form
P*=¢%(p, g, & 1) = %(p, ) = p*+ p(),
o =¢™P(p, g, & 1) = ™(q, ) = ¢ + (1),
e=¢*"(p,g,et=e+H(p qt),
t=¢*™(p, g 61 =¢"™D) =t

with the condition that Hamilton's equations are satisfied

de® _\a_ dHMPAY dpX) _ ca_ _JdH(PAGYH IH(PAD _
dt a op2 "’ dt a o’ ot a
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Hamilton relativity group

Thefinal condition to apply istheinvariance of length in the inertial rest frame. Setting

dg? ='dz-n%-dz=mn;dddg

Then requiring '®(e, A, 0, 0, 0)-19-®(¢, A, 0, 0, 0) = n% together with the symplectic
conditiontA-2°- A= /° resultsin

R O
0 R

Consequently the Hamilton group is
O(R, f, v, 1) e H an) = Dy @s0(N) @sH(N) =~ Dy ®sSON) ®sH(N)
The Euclidean group isthe inertial special case of the Hamilton group
Ale, R V) = @(e, R, 0, v, 0) € E() = D, ®s0(N) ®sT (N) = Dy @ SO(N) ®sT (N)

H a(n) is the group of transformations between noninertial frames in classical mechanics

A:( ) with R e O(n)

It will be convenient in what follows to consider a different ordering of the basis:
dz=(dt, dg, d p, de)inwhich

e 0 0O 1 0 00O

R 0 Of . . : 1 00

O, R, f,v, 1) = ]\c/ 0 RO , iInldimenson ®(f,v,r)= ]\c/ 0 10
r —f v € r —f v 1
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Euclidean group is relativity group for inertial frames. A(e, R, v) € EN) =~ Dy R SO(N) ® T (N).
Free particle straight lines are diffeomorphisms of the Euclidean group.

Hamilton group is relativity group for noninertial frames.
O, R, T,v, 1) e Haln) =~ Dy ®SO(N) ® H(n). Hamilton's equations are the diffeomorphisms
of the Hamilton group

IAEucIideeA\n group isaspecial case of the Hamilton group: A(e, R, v) ~ ®(¢, R, O, v, 0),
&) ¢ H a(n)

Timeisinvariant: al observers agree on the time subspace spanned by d t

Thereis an absoluteinertial rest frame that all observers agree on

Hamilton group is 'as fundamental' as Euclidean group: relativity group for general Hamiltonian
particles with noninertial frames: d p/dt + 0

2. Relativistic case

Special relativity eliminates invariant time and absolute rest frame: absolute inertial frameis still
implicit

Lorentz group defining relativity of inertial frames leaves invariant Minkowski line element:
ds?=dt?— 5 dg? Lorentz group contracts to Euclidean group in limit ¢ - co.

What is noninertial counterpart of the Lorentz group that contractsin limit to Hamilton group?

13
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Special relativity

Consider time, position, energy, momentum spaceze P ~R?™?, z=(x, y) = (t, g, €, p),

p, g€ R" t,ec R, n=3thephysical case. Co-tangent space T*,P spanned by forms
dz=(dt,dg,de dp). I eGL2n+2)

Special relativity lineelementis ds? =dt?— 5 dg? = 'dx-p-dx="'d z-7*-d z Momentum
energy line element in differential formisd y?=d p*- > de?='dy-p-dy="'dz-p¥-dz

Invariant symplectic metricis 'dz-{-dz=-derdt+6;dp Adqg’
Group elementsI'° leaving these line elements and metric invariant arethe (2n+ 2)x(2n + 2)
dimensional matrices I'°-7-I°=¢,'re.p*.-T°=p*,re.p¥.1°=ny

5:((377 g),nx:(g 8),ny:(8 2) implies F°:(g\ ?\) A €O, n)
ThereforeI'® € O(1, n) that is the expected group for inertial frames.
Forn=1 and ordering basis(dt, dqg, d p, de) theexplicit group elements are

1 v/c2 0 0
v 1 OO0 2\-1/2
I'°(v) =y°(v : ‘VMv=(1-=
V=YW 5 1 e YW =(1-%)
O O v 1

I“O(V//) . I“O(V/) — I“O(V) — Fo( V4V ), r—l(v) =T(-V)

1+v” v /c?
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Reciprocal relativity of noninertial frames. Born-Green metric

For non-inertial frames, follow Born conjecture and combine the line elements to define the
Born-Green metric. Thisis anew physical assertion

ds? = —dt?+ 5 d? + & (dp?- 5 de),

where b is a new dimensional physical constant (dimensions of force - Newtons). Planck scales
can be defined in terms of the three constants {c, b, #} rather than usual {c, G, #}. Note that
G=ac <, b~ ag10™ Newtons

M=y, dg=v/ 28, Ay =+/22, A =7bC.
If ag = 1 these are numerically the usual Planck scales.

Terms dependent on inverse powers of b will be manifest only in avery strong interacting
regime where forces between particle states approach b (just as effects dependent on inverse
powers of ¢ manifest only when velocities between particle states approach c)

15
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Reciprocal relativity of noninertial frames. Unitary group

Consider group leaving the Born-Green metric and symplectic metric invariant: 'I'-/-T = ¢,
T-n°-T =7n° Inbasisdz=(dt, dg, de, d p)

0 n 0
<ok o b—lz'l)’
Group leaving Born-Green metric invariant isO(2, 2 n).
Group leaving symplectic metric invariant is Sp(2n + 2).
Group leaving both metricsinvariant is
02,2nN (" Sp2n+2) ~U(, n)
Unitary group may be factored: U(1, n) ~ D4 @sU(1) s SU(1, n)
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Sephen G. Low Version 1.01, April 29, 2007

Reciprocal relativity ST(1, 1) matrix group

Consider the one dimensional case and consider first theI'(v, f, r) € ST(1, 1) group realized by
matrix with basisorderingd z={dt,dq, dp, de} . Then'l'-¢-T'=¢, 'T-n°-T =n°and
detI'=1:

1 ~ f __r_
o0 o 1 10 0 0 c2 b2 b2 c2
_loo 10 b_|0 &0 o0 v 1 =t
g_[o 100 T 7|0 0o & o0 Tv, 1=y ¢ ]*-32 _*\3/2_
10 00 0 0 0 = 2 2
r -f v 1
withy = (1-Vv2/c2 - f2/b% +r2/b?cd) "~
Limits are:
I°(v)=TI(, 0, 0eS0(1,1), bIim (v, f,r)= &, f,r),
,C— o0
1 - 00 10 00
v 1 00 v 1 00
ro — A/° , () ,f, — ,
V=100 1 » VWED=1t0 10
0O 0 v1 r —-f v 1
SO, n) c SU(, n), lim SU, n) = Ha(n)

b,c->c0
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Transformation equations

Transformation equationsare dz=1-d z
di=y(dt+Fdg+ g dp- gz de)
dg=y(dg+vdt+ L dp- ¢ de),
dp=vydp+ fdt— dq+ de),
de:?(de+vdp—qu+rdt)_

withy = (1-Vv?/c2— f2/b2 + 12 /b2 )",

Note that the dimensional scaling isgiven by d z= (4, ‘1—3 ‘1—:’ ), (£, +. %)
dt _ (dt , v dg ,  f dp _ r de
X _7(M+c N T A, b Ae)’
d d

ap _ (9p . f dt _ r dg _ v de
X _Y(Ap TR b g T Ae)’
de de , v dp f dgq , r dt

Soacetime itsdlf isrelative to noninertial frames. Different noninertial observers measure
different spacetime subspaces; the energy and momentum mix with position and time.

18 arXiv: math-ph/060615
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Group composition

Group multiplication is
rw, 7, v)-I'v, f',r)y=I(, f,r)

where

1 /V” f/ f” 7 n
V= (V+V+ 5 (7 =1 [(1+ L5+ - o55),
f’ f” r'r” )

f=(f"+f+Zrv+vr)/(1+ L5+ - &5

— (r” ’ I\ ! £/ VA4 frf” rr”
r=0"+r - vV+v i) /(1+ L+ - 55)

Null surfaces generalize from %ﬁ— =1. Onesolutionwithr =0

V2 f2 _
E2-+Hz——1

Forces arerelativeto particle states. Forces are 'bounded by b'.
Velocities are relative to particle states. Velocities are 'bounded by C'.

Theory consistent with this relativity cannot have force singularities (such as experienced by
1/r? dependenciesin usual theory)

Soacetime itsdlf isrelative to noninertial frames. There is no absolute inertial frame nor an
absolute rest frame.

We call thisreciprocal relativity after Max Born's concept of reciprocity.
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Limit b » oo transformation equations

Limit b - oo transformation equations are
di=y°dt+ 5 do,
dg=vy°(dg+vdt),
dp=ydp+ fdt- 5 dg+5de),
de=y°(de+vdp-fdqg+rdt).

with y°(v) = (1 - %2_)-1/2 and group composition is
v=(V+V)/(1+ L),

f=(f7+f+ZWVr-rv))/d+%L5),

r=(r"+r —f/ v +v £7)/(1+ L)

as expected.
Line e ement contracts as.

d? =-dt’+ S dg?+ H d p?— 5 d €& = —dt?+

Elz—dq2 - —dt?

C—oo0

20
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Reciprocal relativity D, ® U((1)

The dementsof A € D, are again a4 element discrete group generated by parity and
time-energy reversal. Inthebasis(dt,dq, d p, de), matricesare (€1 = +1, ex = +1).

e 0O OO
O e 0 O
A=
O O e O
O 0 0 g
® € U(1) are given by
cos§ O 0 - ==sinf
0 cosfd -—tfsing 0
@ =
0 2 sinf cosf 0
cbsng O 0 cosd
For limiting behavior, set r° = cbtand. Thensing = r ,C0SH =—2—
r02 r02
be, /[ 1+(4s) I+(5g)
1 0 00 1 000
ime 01 00 ime-|0 100
b |0 - 10| besw. [0 010
rr0 01 001

21
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New physical hypothesisis the Born-Green metric .
Reciprocal relativity of noninertial frames given by 24(1, n) transformations.
No absolute rest frame, no absolute inertial frame.

Foacetime itself is relative to noninertial observer frame, generalized dilation and contractions
transform energy-momentum into position-time and vice versa.

Velocities are between particle states. Forces are between particle states.
Velocity and force are bounded. Natural dimensional basisis{c, b, #}.

Inb — oo limit spacetimeisagain invariant. A global inertial frame emerges. It appears that
forces are relative to this global inertial frame.

(Thisis analogous to the special relativity case where, in the limit ¢ - oo, it appears that
velocities arerelative to aglobal inertial rest frame.)

22 arXiv: math-ph/060615
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Reciprocally relativistic guantum mechanics

The Unitary group (1, n) defines transformations between noninertial frames of reciprocal
relativity with invariant symplectic metric and Born-Green line element.

The nonrélativistic limit (group contraction b, ¢ —» oo) isthe Hamilton group with invariant
Newtonian time line element and invariant symplectic metric

Quantum states are represented as rays in a Hilbert space

Reciprocally relativistic quantum mechanics is understood in terms of the projective
representations of the inhomogeneous U/(1, n) group .

Projective representations of a group are equivalent to the unitary representations of its central
extension. The central extension may be algebraic and/or topological (cover). For
inhomogeneous unitary group, the central extension is the cover of the quaplectic group Q(1, n).

QLN =ULNRsHMN+L, QLN =~DRT (LD RSUL, N RH(N+1)

The representation of the algebraof H(n+ 1) isthe'p, q', 'e, t' Heisenberg commutation
relations.

Single particle wave equations arise from the Hermitian representations of the Casimir invariants
in the enveloping algebra of the quaplectic group. The 'scalar case' isthe reativistic oscillator.

In general, the wave equations are second order equations of wavefunctions ¥(q, t) that appear
to be 'towers of spinning oscillators.

23
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Quaplectic group

Element of quaplectic groupis gI', w, 1) e Q(L, n) = UL, NN ®H(n+ 1),

I 0w
g(F,W,L)z[—etW-{"-F 1 ¢ ],
0 01

w={xy}, x={t, q}, y={e t}, z= %(Hiy), r=

Y 0 z
g(Y,z,L)z[Y-z 1 L}

O 01

Liealgebrais Z: \/—15 (XaziYa), Asp=2 (Map+iLap),a, b=0,1, ..n

[Aab, Acdl =1(1ad Acb —MbcPad), [Za, Zy]l =inap,

[Aab, Zg]:—iﬂaczg, [Aab, ZC_]:iT]bCZ;,

Casimir invariants
Co=1, Ci=mPW,y,
Ca=n2P %9 2" 790 Wha Wh e Wye W g,
whereW,, = Z2 Z5 — | Agp -

(A ) Y=3M+in),

24
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Quantum mechanics. Projective representations of the group

The projective representations of the inhomogeneous Lorentz group define the single particle
state space of the inertial case. These are equivalent to the unitary irreducible representations o
of the Poincaré group . The particle wave equations are the solution of the e genvalue equations
for the representations of the Casimir operators

0" (Co) ) = ca W) 0" Ya YO W) = pi? |),
o' (Ya Y)Y = 2 1Y), 0' (Wa WP) [y = S(S+ 1) pi? |y, Wy = €29 Lpc Yq

The projective representations of the inhomogeneous Unitary group define the single particle
state space of the noninertial case. These are equivalent to the unitary irreducible representations
o of the cover of the Quaplectic group . The particle wave equations may be derived from the
solution of the eigenvalue equations for the Casimir operators

0" (Co) W) = co |¥)

o' (W) =col), 0 (XKaX®+YaYea=1U) ) =cy1¥),

PP 0" (Z3 Zy — 1 Aab) (Z¢ Zg =1 Aca) 1) = c2 I,
The Weyl-Hei senberg, Poincaré and quaplectic group are semidirect product groups for which
the unitary representations may be determined by Mackey's theorems

25
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One dlide sketch of M ackey representations

For a semi-direct product group G = K s N * where N isthe normal subgroup and K isthe
homogeneous group and assume we know the UIR (K, o, H?) and (N, &, H?) then the UIR o of
G acting on H¢ are determined by the following method.

Determine the little group(s) K* through fixed point of natural action k[¢] = [£] of elements
k € K on theunitary dual & (UIR of N) givenby (k&) (n) = p(k) &) p(k) 1Y ne N.
Stabilizersare G° = K° QN .

p isaprojective representation of the stabilizer G° on H¢ that is an extension of ¢,
pon) =&)Y ne N.If Nisabdian, theextensionistrivial, p(k) =1V k e K

If NVisabdian, H¢ ~ C, construct representation o° = o ® & acting on Hilbert space H ® C.
If AV isnot abelian, construct representation o° = o ® p acting on Hilbert space H” ® H¢.

If G° = G you are done, otherwise need to induce representation on G° to thefull group G acting
on the Hilbert space HC ~ H @ L2(A, HY), ac A =G/ G° ~ K/ K°. For ¢ € L%(A, HY),

@Y @ =0°@@ - g-0@gta)yga.

* The groups must satisfy certain general technical conditions. A sufficient condition is that the
groups are matrix groups that are algebraic subgroups of G£(n, R)

26 arXiv: math-ph/060615
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Unitary representations of quaplectic group sketch

Helsenberg group is semidirect product H(n) =7 (N)® 7 (n+ 1),
(23, Zg] =inap L.
If o' (1) |¥) =0, (I iscentral element) degenerate abelian case, Little group is 7 (n).
If o' (1) |¥) + O, Little group istrivial, from Mackey induction, Hilbert spaceisL?R", C).
Hermitian representations of the algebra are
(X Zy W) = (XN Z2) ) = (¥ £ 22 ) p(x).
Quaplectic group is semidirect product Q(1, 3) = U, 3) QH(4).
Foro'(l) [y) # O, Little group isU(1, 3), stabilizer isQ(1, 3) and so induction is not required.
Hilbert spaceis V* ® L*[R", C),
(X 2y 1) = (X1 0" (Z&) ) =X &' (ZE) W) = (X = -2 ) Y(x).
Representations are
Pab =" (Aap) = 23 25, 2y = p'(Z3), Bab=0" (Aab),
0' (Aab) = 0" (Aab) + p' (Aab) = ab + 25 Zp.-
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Noninertial particle state wave equations

Wave equations C, [t/) =o' (Ca) It} = cq Ity are (Jarvis)
Nab(X® + &)(Xb - &) = filcr, d1) Y(X),
Boa( X + 52 ) (X = 2 ) () = falc, ca, da, d2) (X,

AC A

& 8caX®+ 2 ) (X = 7 ) ) = falcr, -..c3, d1 . d3) Y(X),

8585 2cal0@ + 2) 00 = 2 ) W00 = faler, .. ca, da, .. da) YP(X).

f, are specific polynomials, c; are Casimir eigenvalues, 4, are U(1, 3) Casimir state labels.

It remains to determine whether these reduce to the usual wave equations of special relativistic
guantum mechanicsin theinertial limit b - co.

Quaplectic —p » UIR —algebra—» Aap, Z;, 1 Quaplectic Casimirs
lb- oo lb- oo lb— oo lb- o
Poincare+ —-o— UIR —algebra—> Lap, Ya Poincaré Casimirs
lc—> o0 lCc— o lCc— o0 lC—> o0
Hamilton -o— UIR —agebra— J, P, E, .... Hamilton Casimirs
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The Hamilton group generalizes the Euclidean group to general particle motion: noninertial
frames

Reciprocal relativity of noninertial framesis given by U(1, 3) transformations.
New physical assumption is Born-Green metric.
No absolute rest frame, no absolute inertial frame.

Soacetime itself is relative to noninertial observer frame. Generalized dilation and contractions
transform energy-momentum into position-time and vice versa.

Velocity is bounded by c and force by b. Natural dimensional basisis{c, b, #}.

A reciprocal relativistic quantum theory is the projective representations of the inhomogeneous
unitary group.
Central extension is the cover of the quaplectic group U(1, 3) ®sH (4).

The usual Heisenberg commutation relations therefore arise directly from the requirement of
proj ective representations that result from states being identified as raysin a Hilbert space.

T Q

The wave functions are on L2(R*, C), parameters of any computing set of 4 generators, P E
i

The wave equations may be computed, coupled set of relativistic spinning oscillators.
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